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Abstract
Radial basis function (RBF) methods can provide excellent interpolants for a large number of poorly distributed data
points. For any ﬁnite data set in any Euclidean space, one can construct an interpolation of the data by using RBFs. However, RBF interpolant trends between and beyond the data points depend on the RBF used and may exhibit undesirable
trends using some RBFs while the trends may be desirable using other RBFs. The fact that a certain RBF is commonly
used for the class of problems at hand, previous good behavior in that (or other) class of problems, and bibliography, are
just some of the many valid reasons given to justify a priori selection of RBF. Even assuming that the justiﬁed choice of the
RBF is most likely the correct choice, one should nonetheless conﬁrm numerically that, in fact, the most adequate RBF for
the problem at hand is the RBF chosen a priori. The main goal of this paper is to alert the analyst as to the danger of a
priori selection of RBF and to present a strategy to numerically choose the most adequate RBF that better captures the
trends of the given data set. The wing weight data ﬁtting problem is used to illustrate the beneﬁts of an adequate choice of
RBF for each given data set.
Ó 2008 Elsevier Inc. All rights reserved.
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1. Introduction
Radial basis function (RBF) methods can provide excellent interpolants for high dimensional data sets of
poorly distributed data points (scarce and unevenly distributed points). For any ﬁnite data set in any Euclidean space, one can construct an interpolation of the data by using RBFs, even if the data points are unevenly
and sporadically distributed in a high dimensional Euclidean space. There is a wide range of applications
where RBF interpolation methods can be successfully applied, such as aeronautics, meteorology and medical
imaging (see [1–5]). However, RBF interpolant trends between and beyond the data points depend on the RBF
used and may exhibit undesirable trends using some RBFs while the trends may be desirable using other
RBFs.
The fact that a certain RBF is commonly used for the class of problems at hand, previous good behavior in
that (or other) class of problems, and bibliography, are just some of the many valid reasons given to justify a
*

Tel.: +351 239109410.
E-mail address: hrocha@mat.uc.pt

0307-904X/$ - see front matter Ó 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.apm.2008.02.008

1574

H. Rocha / Applied Mathematical Modelling 33 (2009) 1573–1583

priori selection of RBF. Even assuming that the justiﬁed choice of the RBF is most likely the correct choice,
i.e., that the RBF picked is the most adequate and the one that produces the ‘‘best” model, one should nonetheless conﬁrm numerically that, in fact, the most adequate RBF for the problem at hand is the RBF chosen a
priori.
The main goal of this paper is to alert the analyst as to the danger of a priori choice of RBF and to present a
strategy to numerically choose the most adequate RBF that better captures the trends of the given data set.
The wing weight data ﬁtting problem is used to illustrate the beneﬁts of an adequate choice of RBF for each
given data set.
The paper is organized as follows. Section 2 gives a brief description of RBF interpolation problems. Section 3 introduces cross-validation for model parameter tuning. In Section 4, wing weight data ﬁtting is used to
illustrate the beneﬁts of an adequate choice of RBF for each given data set. Section 5 includes the concluding
remarks.
2. RBF interpolation problems
Let f ðxÞ be a real-valued function of the input vector x deﬁned on a subset X of Rn such that the value of f
at N input vectors xj , j ¼ 1; . . . ; N , f ðxj Þ, is given. The goal is to construct an estimation model gðxÞ such that
gðxj Þ ¼ f ðxj Þ for j ¼ 1; . . . ; N . The interpolation requirement can be satisﬁed by RBF interpolation.
Interpolation functions generated from a RBF uðtÞ can be represented in the following form:
gðxÞ ¼

N
X

aj uðkx  xj kÞ;

ð1Þ

j¼1

where jjx  xj jj denotes the parameterized distance between x and xj deﬁned as
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n
X
2
j
jjx  x jj ¼
jhi jðxi  xji Þ ;
i¼1

and h1 ; . . . ; hn are scalars (see [1]).
The most popular
examples of RBF [6–8] are cubic spline uðtÞ ¼ t3 , thin plate spline uðtÞ ¼ t2 ln t, multipﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
quadric uðtÞ ¼ 1 þ t2 , and Gaussian uðtÞ ¼ expðt2 Þ (see Fig. 1). These RBFs can be used to model cubic,
almost quadratic, and linear growth rates, as well as exponential decay, of the response for trend predictions.
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Fig. 1. Graphs of commonly used radial basis functions.
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For ﬁxed parameters hi , the coeﬃcients a1 ; . . . ; aN in Eq. (1) can be calculated by solving the following linear system of interpolation equations:
N
X

aj uðjjxk  xj jjÞ ¼ f ðxk Þ;

for k ¼ 1; . . . ; N :

ð2Þ

j¼1

One can rewrite Eq. (2) in matrix form as
1
0 1 0
f ðx1 Þ
a1
B a C B f ðx2 Þ C
C
B 2C B
C
C B
UB
B .. C ¼ B .. C;
@ . A @ . A

ð3Þ

f ðxN Þ

aN

where U is the interpolation matrix deﬁned
0
uðjjx1  x1 jjÞ uðjjx1  x2 jjÞ
B uðjjx2  x1 jjÞ uðjjx2  x2 jjÞ
B
U¼B
..
..
B
@
.
.
N
1
N
uðjjx  x jjÞ uðjjx  x2 jjÞ

as
1

...

uðjjx1  xN jjÞ

...
..
.

uðjjx2  xN jjÞ C
C
C:
..
C
A
.

...

uðjjxN  xN jjÞ

A unique interpolant is guaranteed for multiquadric and Gaussian RBFs (i.e., U is a nonsingular matrix) even
if the input vectors xj are few and poorly distributed, provided only that the input vectors are all diﬀerent
when N > 1. However, for cubic and thin plate spline RBFs, U might be singular. See [6] for an example
of singular U when uðtÞ ¼ t3 . If uðtÞ ¼ t2 ln t, we can easily ﬁnd an example where the interpolation matrix
U is singular for a nontrivial set of distinct points x1 ; . . . ; xN . For example, let x2 ; . . . ; xN be any distinct points
on the sphere centered at x1 with radius 1. For this set of points, the ﬁrst row and column of U consist of zeros,
which implies the singularity of U.
An easy way to avoid this problem on the cubic and thin plate spline RBF interpolants is to add low-degree
polynomials
Pto interpolation functions in (1) and formulate an interpolation problem nwith constraints. That is,
let pðxÞ ¼ M
j¼1 bj p j ðxÞ, where p 1 ; . . . ; p M form a basis of algebraic polynomials in R with degree at most m.
Then interpolation functions are of the following form:
gðxÞ ¼ pðxÞ þ

N
X

aj uðjjx  xj jjÞ:

ð4Þ

j¼1

The M extra degrees of freedom in gðxÞ can be eliminated by forcing the following M constraints:
N
X

aj pk ðxj Þ ¼ 0;

for k ¼ 1; . . . ; M;

j¼1

which has the following matrix form:
0 1
a1
Ba C
B 2C
C
PB
B .. C ¼ 0;
@ . A
aN
where

0

p1 ðx1 Þ
B .
P¼B
@ ..

...
..
.

pM ðx1 Þ . . .

1
p1 ðxN Þ
C
..
C:
.
A
pM ðxN Þ

ð5Þ
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The interpolation equations using gðxÞ in Eq. (4) become
N
X

aj uðjjxk  xj jjÞ þ

j¼1

M
X

bj pj ðxk Þ ¼ f ðxk Þ;

for k ¼ 1; . . . ; N :

ð6Þ

j¼1

Combining Eqs. (5) and (6), we obtain the following equation for the constrained RBF interpolation in matrix
form:
0
1 0 1
a1
f1
B . C B . C
B .. C B .. C
C B C
!B
B
C B C
aN C B fN C
U PT B
B
C ¼ B C:
ð7Þ
C B C
P 0 B
B b1 C B 0 C
B . C B . C
B . C B . C
@ . A @ . A
bM

0

The key results on solvability of RBF interpolations related to the four RBFs shown in Fig. 1 are the
following:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(1) As seen before, Eq. (3) is always solvable if uðtÞ ¼ 1 þ t2 or uðtÞ ¼ expðt2 Þ.
(2) For quadratic polynomials (m ¼ 2), Eq. (7) is solvable if uðtÞ ¼ t3 or uðtÞ ¼ t2 ln t, provided that the
input vectors x1 ; . . ., xN do not fall into the zero set of the polynomial.
The proofs of second statements are based on mathematical concepts called (conditionally) positive deﬁniteness and their Schoenberg–Micchelli characterizations [9,10] as described by Schaback and Wendland [11].
The constructed interpolant gðxÞ in Eq. (1) depends on ‘‘subjective” choice of uðtÞ, and model parameters
h1 ; . . . ; hn . While one can try all the possible choices of uðtÞ in search of a desirable interpolant, there are inﬁnitely many choices for h1 ; . . . ; hn . One could, however, use cross-validation to choose an optimal value of
h1 ; . . . ; hn that yield an interpolant gðxÞ with the most accurate trend prediction.
3. Model parameter tuning
RBF interpolation models use the parameterized distance:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n
X
j
jhi jðxi  xji Þ2 ;
kx  x k ¼
i¼1

where h1 ; . . . ; hn are scalars. Mathematically, one could pick any ﬁxed set of h1 ; . . . ; hn and construct the interpolation function for the given data. However, two diﬀerent sets of h1 ; . . . ; hn will lead to two interpolation
models that behave very diﬀerently between the input vectors x1 ; . . . ; xN . Model parameter tuning for RBF
interpolation aims at ﬁnding a set of parameters h1 ; . . . ; hn that results in the best prediction model of the unknown response based on the available data. Cross-validation (CV) [12–17] and maximum likelihood estimation [18–20] are two statistical methods for tuning the model parameters h1 ; . . . ; hn for best prediction models.
CV can be used for general model parameter tuning, while maximum likelihood estimation can only be
applied for density function parameter estimation. Cross-validation is introduced in the next section.
3.1. Model parameter tuning by CV
Other metrics instead of ﬁtting errors must be used to determine which basis function uðtÞ and what scaling
parameters hi are most appropriate to model the response function f ðxÞ, because RBF interpolation method
yields a ﬁtting function gðxÞ whose value at xk is exactly f ðxk Þ for k ¼ 1; . . . ; N . One can always try to obtain
values of f ðxÞ at some additional data points xN þ1 ; . . . ; xN and use the prediction errors jgðxk Þ  f ðxk Þj for
k ¼ N þ 1; . . . ; N to assess the prediction accuracy of gðxÞ, but this technique is often impractical and always
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expensive. The prediction accuracy can be used as a criterion for choosing the best basis function uðtÞ and
parameters hi .
Without additional sample points, CV [14,16] was proposed to ﬁnd uðtÞ and hi that lead to an approximate
response model gðxÞ with optimal prediction capability and proved to be eﬀective [15,17]. The leave-one-out
CV procedure is usually used in model parameter tuning for RBF interpolation (see [15,21]).
3.1.1. Leave-one-out cross-validation for RBF interpolation
 Fix a set of parameters h1 ; . . . ; hn .
 For j ¼ 1; . . . ; N , construct the RBF interpolant gj ðxÞ of the data points ðxk ; f ðxk ÞÞ for 1 6 k 6 N ; k–j.
 Use the following CV root mean square error as the prediction error:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
N
u1 X
2
ECV ðh1 ; . . . ; hn Þ ¼ t
ðg ðxj Þ  f ðxj ÞÞ :
ð8Þ
N j¼1 j

Remark.
One could also use other forms of CV errors such as the CV average absolute error:
PN
1
j
j
jg
j¼1 j ðx Þ  f ðx Þj.
N
In the case that each xj has a close neighbor xk (k–j) in the space of input variables and f ðxÞ is a smooth
function, the cross-validation error (ECV ) is not a meaningful measure of the prediction accuracy of the ﬁtting
model because gj ðxk Þ ¼ f ðxk Þ implies gj ðxj Þ  f ðxj Þ due to small values of jjxk  xj jj and jf ðxk Þ  f ðxj Þj.
Therefore, if the leave-one-out CV error is used as a criterion for model parameter tuning, then analysts must
be warned when undesirable clustering of xj occurs.
The goal of model parameter tuning by CV is to ﬁnd h1 ; . . . ; hn that minimize the CV error ECV ðh1 ; . . . ; hn Þ
so that the interpolation model has the highest prediction accuracy when CV error is the measure. It is worth
pointing out that, typically, it is diﬃcult to minimize ECV ðh1 ; . . . ; hn Þ numerically because ECV ðh1 ; . . . ; hn Þ is a
highly nonlinear and nonconvex function. One could make the model parameter tuning much easier by assuming h1 ¼ . . . ¼ hn , which reduces the problem to unconstrained minimization of a univariate function (see [15]).
This approach has the obvious beneﬁt of dealing with a unidimensional optimization problem but the disadvantage of not using all diﬀerent hi . Diﬀerent hi allow the model parameter tuning to scale each variable xi
based on its signiﬁcance in modeling the variance in the response, thus, have the beneﬁt of implicit variable
screening built in the model parameter tuning.
4. Wing weight data ﬁtting problem
The wing weight ﬁtting problem is used here to demonstrate the need for an adequate selection of the RBF
to use in the interpolation model. This problem was used to show feasibility of using approximation methods
in construction of a wing weight estimation formula for conceptual design of subsonic transports [1–3]. For
system analysis of conceptual design of aircraft, one important task is to resize a conceptual aircraft for a mission analysis. To conduct a mission analysis of a resized aircraft, system analysts must estimate the gross takeoﬀ weight wto of the aircraft. Speciﬁcally, one commonly resized component of aircraft is wing. As a result,
system analysts need a relationship between the wing weight w and sizing parameters of wing (such as s (plan
area of the wing), b (span), k (taper ratio), and K (sweep angle)).
The wing weight data set was collected over a period of time and will be expanded when new weight statements of subsonic transports become available. System analysts at NASA Ames Research Center were able to
collect weight information of 41 subsonic transports including Boeing 747, Douglas DC-7C, Fokker F-28 twin
engine jet liner, and Lockheed C-130B cargo aircraft (see Fig. 2). Such dynamic characteristics of the data set
requires a relatively easy way to generate a wing weight estimation model to capture the trend in the updated
data set, when currently used regression models, such as the models suggested by Ardema et al. [22], become
inadequate as estimation models.
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Fig. 2. Examples of subsonic transports in the data set.

Each wing weight data point consists of the actual wing weight w and relevant key conﬁguration parameters: A, b, cm , cr , ct , s, ½t=cm , tr , tr =cr , tt , tt =ct , wto , k, K, and l. These parameters can be regrouped in three
categories: (1) wing geometry parameters including chord length at root (cr ), chord length at tip (ct ), span
(b), reference area (s), thickness at root (tr ), thickness at tip (tt ), and sweep angle (K ¼ j90  K0 j); (2) wing
aerodynamics parameters including taper ratio (k ¼ ct =cr ), aspect ratio (A ¼ b2 =s), mean chord of wing
(cm ¼ s=b), thickness-to-chord ratio at root (tr =cr ), and thickness-to-chord ratio at tip (tt =ct ); and (3) wing
structure parameters including gross takeoﬀ weight of aircraft (wto ) and wing load factor (l). Fig. 3 shows
the wing geometry parameters for a trapezoidal approximation of the actual wing. A detailed explanation
of wing conﬁguration parameters can be found in Raymer’s book [23].
  w, where w
 is a function of all or a subset of the
The goal is to construct a weight estimation model w
conﬁguration parameters. Notice that some conﬁguration parameters are related, e.g., tt =ct þ tr =cr ¼ 2½t=cm
and A ¼ b2 =s. There are many diﬀerent ways to select a set of independent conﬁguration parameters, leading
to a completely diﬀerent regression model if a general approximation model is used. Similarly, each choice of
conﬁguration parameters as input variables of a general approximation model (such as radial basis function
models) will lead to a new regression model. As a consequence, one must exercise caution in determination of
which conﬁguration parameters should be used as the input variables and which RBF should be used.
Because we use interpolation methods (RBF interpolation), each wing weight estimation model will reproduce the actual wing weight for 41 subsonic transports. However, such an exact ﬁt of the data has no useful
purpose for the sizing of wing in conceptual design phase. System analysts are mostly interested in whether an
estimation model captures the weight growth trends ‘‘correctly” between and beyond the known data points.
There is no physics-based criterion for veriﬁcation of a correct solution; instead, expert opinions determine
whether a mathematical solution is useful in practice. For wing weight estimation, a desirable approximation
should have the following properties: w is an increasing function with respect to each of b, s, k, and K; and w is

Fig. 3. Airplane wing geometry parameters.

H. Rocha / Applied Mathematical Modelling 33 (2009) 1573–1583

1579

a decreasing function with respect to tr =cr . These properties are derived from simple engineering rules on the
relationships between the wing weight and each of the ﬁve key conﬁguration parameters.
For multivariate data ﬁtting problems, it is not easy to decide what should be potential input variables. For
the wing weight approximation problem, the input variables are usually the sizing parameters required in conceptual design of aircraft. We used two sets of variables (see Refs. [1,3]): a set containing all the conﬁguration
parameters of wing (including the ratios) and a set of the variables used by engineers in the construction of
their best empirical model [4], i.e., x is a vector of n ¼ 8 conﬁguration parameters: b, s, tr =cr , k, K, l, wto ,
and tt =ct . The goal of the ﬁrst set was to justify the engineer’s choice of their current set of parameters, while
the second set was used to construct a better approximation for the problem at hand. One will focus on the
second goal of improving the existing approximation and will only consider here the second set of n ¼ 8 conﬁguration parameters.
The ﬁrst step of the approximation procedure is to ﬁnd out which of the variables are important for a wing
weight estimation model and whether there is any collinearity of the input variables. Principal component
analysis (PCA) can be used successfully for that purpose [24, Section 3.6]. By applying PCA to the input vectors x1 ; . . . ; xN , we can treat the response as a function deﬁned on a feature space Rr with a reduced dimension
r ð6 nÞ, solve the approximation problem by ﬁtting the transformed data in the feature space, and then recover
the approximate response in the original input space (see [24, Section 3.6]).
One could also use PCA to transform the data into a feature space and use an interpolation method in the
feature space. The principal component regression using RBF interpolation [1–3] is such an example. SpecifT
T
x  aveð^
xÞÞ ur . Then the N data points in
ically, let v be the vector with r components ð^
x  aveð^
xÞÞ u1 ; . . . ; ð^
the x-space can be mapped to N points in the v-space. The corresponding problem of ﬁtting N data points
ðv1 ; y 1 Þ; . . . ; ðvN ; y N Þ can be solved by using a standard interpolation method. If the solution of the data ﬁtting
problem in the v-space is g^ðvÞ, then the corresponding ﬁtting of the data points in the x-space is
T
T
f^ ðxÞ ¼ g^ðð^
x  aveð^
xÞÞ u1 ; . . . ; ð^
x  aveð^
xÞÞ ur Þ;

ð9Þ

^ is the scaled version of x and its ith P
where x
component is ^xi ¼ xi =ri with ri an estimation of its standard deviN
xÞ, and u1 ; . . . ; un are the unit
ation calculated from the data, aveð^xi Þ ¼ N1 k¼1^xki is the ith component of aveð^
eigenvectors corresponding to the spectral decomposition of the covariance matrix C of the scaled input vec^N :
^1 ; . . . ; x
tors x
C¼

N
1 X
T
½^
xj  aveð^
xÞ½^
xj  aveð^
xÞ :
N  1 j¼1

Note that diﬀerent choices of r generate diﬀerent interpolants f^ ðxÞ even if the same RBF uðtÞ is used. The
option of choosing r allows one to explore the degree of freedom in the input space that is most appropriate
to describe the relationship between the input vector and the response. The restriction on r is that v1 ; . . . ; vN
must be mutually distinct. In practice, it is not easy to choose r. The key issue is whether one wants to extract a
^ along a direction uj and the response
functional relationship between the change of the scaled input vector x
1
N
^ have a small variation along the direction uj . One can try all pos^ ;...;x
even if the existing input vectors x
sible choices for r and use a systematic evaluation process to down select the approximation that is most
appropriate for the analysis task at hand. In order to do that we suggest the following automatic principal
component regression (PCR) procedure.
4.1. Automatic PCR procedure

 Compute the eigenvalues of the covariance matrix C and let r be the number of positive eigenvalues.
 Choose an integer rmin < r such that there is still a functional relationship between the transformed input
vectors in the rmin -dimensional feature space and the response. For each integer r from rmin to r, minimize
the CV error for the given interpolation model in the r-dimensional feature space.
 Choose r corresponding to the smallest value of the minimized CV errors and select the corresponding
interpolant as g^ðvÞ.
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 Reconstruct the wing weight approximation in the x-space by using Eq. (9).
We use MATLAB code fminsearch, an implementation of the Nelder–Mead [25] multidimensional search
algorithm, to minimize the CV error ECV ðh1 ; . . ., hn Þ in Eq. (8) and to ﬁnd the best model parameters h1 ; . . . ; hn .
The local optimal solution generated by MATLAB code fminsearch for minimization of the CV error is very
reliable but also very sensitive to the initial guess. Multiple initial guesses were used for searching a global minimizer of the CV error by fminsearch.
The CV error of an interpolation model can be a useful and objective tool to help analysts decide which
model is better. In Table 1, we have the CV errors of various interpolation models (RBF interpolation models
with diﬀerent basis functions). In particular, the ﬁrst row of Table 1 has the CV errors for interpolation models
in the x-space, while the other rows show the CV errors in the r-dimensional feature spaces. The above automatic PCR procedure can help to reduce the PCR interpolants to one for each interpolation model. In the case
of multiquadric RBF interpolation with n ¼ 8, r ¼ n, and rmin ¼ 4, the best PCR interpolant is generated by
using r ¼ 7. This PCR interpolant is indeed the most desirable wing weight prediction model for subsonic
transports and proved to have the overall best trends for wing weight prediction by inspecting the ﬁve types
of two dimensional plots for all 41 baseline conﬁgurations [1–3].
The CV error of a constructed approximation can be useful to help analysts decide which approximation is
better. For wing weight data ﬁtting with a ﬁxed type of interpolation models, the ‘‘best” approximation model
among all the approximations generated by PCR (for a range of r) usually corresponds to the smallest value of
minimized CV errors. Therefore, it makes sense to use the automatic PCR procedure for choosing the best
PCR for any ﬁxed interpolation model.
Because the diﬀerence between the smallest and the largest wing weight values is considerable, one must
verify whether the CV error value ECV is dominated by the prediction errors at xj with large wing weight values. In other words, we should compute the relative CV prediction errors for each data point, deﬁned as
ðgj ðxj Þ  f ðxj ÞÞ=gj ðxj Þ in Table 2, and check if the CV optimization attempts to minimize the prediction
2
errors ðgj ðxj Þ  f ðxj ÞÞ for large f ðxj Þ. One indicator for such a biased minimization of ECV is that the relative errors for large gj ðxj Þ (or f ðxj Þ) are smaller than those for small gj ðxj Þ. But we do not see such a biased
minimization of ECV in Table 2, which shows the relative errors ðgj ðxj Þ  f ðxj ÞÞ=gj ðxj Þ for j ¼ 1; . . . ; N
when CV is applied to multiquadric PCR with r ¼ 7. The CV prediction errors can also be used as a tool
to help on the decision of the best approximation.
Fig. 4 shows the leave-one-out CV predictions gj ðxj Þ (j ¼ 1; . . . ; N ) for the multiquadric PCR with r ¼ 7
and the best engineer model (geometry model). It is clear that the multiquadric PCR with r ¼ 7 has much
more accurate predictions than the geometry model.
Therefore, this suggests a numerical decision tool for the choice of the most adequate RBF to be used.
4.2. Numerical choice of the most adequate RBF

 Use the automatic PCR procedure to choose the best approximation for each basis function.
 Consider all the approximations obtained previously as well as the approximations on the x-space. Remove
the approximations that do not fulﬁll all the problem requirements, when the physical properties of the
problem are used as criteria.
Table 1
Minimized CV errors for the data set with eight input variables

n=8
r=8
r=7
r=6
r=5
r=4

Multiquadric CV error

Thin plate CV error

Cubic CV error

Gaussian CV error

2697
4321
3065
3724
5837
4163

18,814
7113
16,646
4372
4583
5589

3396
3930
5505
4157
5745
9100

21,229
34,037
7,175,000
615,560
29,257
7,757,400
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Table 2
Relative errors for the leave-one-out CV of multiquadric PCR with r = 7
Airplane

Prediction

Relative error (%)

Airplane

Prediction

Relative error (%)

1049G
C-46A
DC8F-54
DC9-30
VC10-1151
C-8A
C-124A
C-123J
C-119H
C. 340
C-131E
Con.T-29D
V. V. 800
B. 727
C-130B
B. 720
C5-A
C-135A
30A(990A)
C-5A
DC10-10

11,932
4274
34,963
11,764
35,565
5958
19,371
5879
11,894
4983
5174
4147
4878
15,741
10,908
24,341
77,204
29,220
26,585
82,296
48,536

3.8
36.4
2.5
1.5
2.5
30.9
2.3
2.0
1.4
6.9
3.9
5.3
18.9
12.7
2.2
3.6
6.1
15.1
0.1
4.1
0.1

DC-7C
F-28
B. 747
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G-159
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XC-120
C. 440
R4Y-2
Con.110
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DC-6B
CL44-D4-1
Electra
Jetstar
L-1011
22(880)
C-141A
F-27

10,623
5046
76,456
33,986
4399
6151
15,506
5327
8057
5327
3200
5118
8492
15,411
8690
5866
35,511
7280
35,980
6150

4.5
28.7
14.1
0.2
18.8
59.5
1.2
13.7
46.9
6.4
9.2
4.6
4.6
2.9
14.8
66.7
25.7
5.6
4.7
36.2
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Fig. 4. Leave-one out CV errors for geometry model and multiquadric PCR with r ¼ 7.

 Use the smallest sum of prediction errors
N
X
ðgj ðxj Þ  f ðxj ÞÞ=gj ðxj Þ;
j¼1

to choose the most adequate RBF and best approximation to use.

5. Concluding remarks
Radial basis function methods can provide excellent interpolants for a large number of poorly distributed
data points. Regardless the methodology used, we should avoid a priori choice of RBF. Instead, a set of the
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most signiﬁcant RBF should be considered and decide for the best RBF to use based on objective criteria.
The numerical choice of the most adequate RBF proposed in the previous section can be an objective
tool.
Among radial basis functions methods, Gaussian RBF methods, are one of the most referenced in literature
for solving wing weight ﬁtting problems. For our data set, Multiquadric RBF models presented the most desirable results. In fact, Gaussian RBF models presented poor results. This is another indication that the choice of
the RBF to use should be part of the optimization problem instead of an a priori choice.
Principal component analysis, that identiﬁes the collinear or nearly collinear variables, is a powerful tool
that allows data ﬁtting in reduced feature spaces. Cross-validation is useful for RBF interpolation model
parameter tuning.
The signiﬁcance of the wing weight problem study is that RBF interpolation methods (with PCA) are able
to generate general approximation models for wing weight estimation that are accurate and have desirable
properties. The choice of the RBF to use is decisive on the quality of the best approximation to use and
on ﬁnding an approximation that improve the best existing approximations.
Even though the beneﬁts of choosing the most adequate RBF to use and the corresponding best approximation are only demonstrated by the wing weight data ﬁtting problem, the methodology could have significant advantages in ﬁtting other historical or sparse data.
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