2
The uniqueness of best approximations

2.1 Convexity conditions
In order to approximate a point or a function f by an element of a
set d, it is usual to choose conditions that define a particular approximation . Best approximation with respect to an appropriate distancefunction
is often suitable, but sometimes there are several best approximations .
Some general conditions for uniqueness are given in this chapter, that
depend on the convexity of the distance function and the convexity of the
set d. Hence it is shown that in many important cases the best approximation is unique, including best approximation with respect to the
2-norm when dis a linear space . We find, however, that, if the 1-norm or
oo-norm is used, then stronger conditions are required on d in order to
ensure uniqueness .
The set Y of a linear space is convex if, for all s 0 and s 1 in 5f, the points
{Os 0 + (1- O)s 1 ; 0 < 0 < 1} are also in Y. The set is strictly convex if, for all
s 0 ¥- s1. thepoints{Os 0 +(1- O)s 1 ; 0< 0 < 1}are interior points of :1'.. Thus,
it is not possible for the boundary of a strictly convex set to contain a
segment of a straight line. The nature of the ideas that are studied in this
chapter is suggested by considering the uniqueness of the best approximation if the circles in Figure 1.4 are replaced by balls that are derived
from some other norm. Our next theorem shows that these balls are
convex sets.

Theorem 2.1
Let@ be a normed linear space. Then, for any f E@ and for any
r > 0, the ball

.N'(f, r) = {x:
is convex.

llx -/II~ r, x E @}

(2.1)
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Proof. Let x 0 and x 1 be in .N(f, r). Then the axioms of a norm and the
definition (2.1) give the bound

lltJxo + (1- 6)xl -!II~ ll6xo- 6/ll + 11(1- 6)xl- (1- 6)/11
= l6lllxo-fll + 11- 6lllxl-fll
~ r{l61 + 11- 61}
=r, 0<6< 1,

(2.2)

which is the required convexity condition.. 0
It is now easy to prove one of the basic properties of best approximations, which depends on the convexity of the set of approximating
functions. This convexity condition holds, of course, when .szi is a linear
space.
Theorem 2.2
Let .szi be a convex set in a normed linear space 91J, and let f be any
point of 91J such that there exists a best approximation from .szi to l Then
the set of best approximations is convex .
Proof.

Let h * be the error of the best approximation
h * =min I a -/II.

(2.3)

aEsi

The set of best approximations is the intersection of .szi and the ball
.N(f, h*). The theorem follows from the fact that the intersection of two
convex sets is convex. 0
The uniqueness theorems of the next section require either .szi or the
norm of the linear space 91J to be strictly convex . The norm is defined to be
strictly convex if and only if the unit ball centred on the origin, namely
.N(O, 1), is strictly convex . Because the general ball (2.1) can be obtained
from .N(O, 1) by translation and magnification, strict convexity of the
norm implies that the set (2.1) is strictly convex for any f and r.
2.2 Conditions for uniqueness of the best approximation
The two uniqueness theorems that are given below are selfevident if one takes the geometric view of best approximation that is
described in Section 1.5. We recall that a ball with centre f is allowed to
grow until it touches the set .szi of approximating functions, and then the
radius of the ball has the value (2.3). The two theorems state that there is
only one point of contact between .szi and .N(f, h*), if the boundary of
either .szi or .N(f, h *) is curved, and if both sets are convex .
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Conditions for uniqueness

Theorem 2.3
Let d be a compact and strictly convex set in a normed linear
space @J. Then, for all f E @J, there is just one best approximation from d
to l
Proof. Theorem 1.1 shows that there is a best approximation . We
continue to let h* be the error (2.3). Suppose that s0 and s 1 are different
best approximations from d to f. Because the triangle inequality for
norms gives the condition

(2..4)
and because d is convex, it follows that !(so+ s 1 ) is also a best approximation, and therefore it satisfies the equation
(2.5)
We let A be the largest number in the interval 0 ~A

s =!(s 0 +sl)+A[/-!(so+sl)]

~

1 such that the point

(2 . 6)

is in d. The value of A is well-defined because dis compact. Expressions
(2.5) and (2.6) imply the equation

lls-/11=(1-A)h*..

(2.7)

However, h * is positive because otherwise s0 = f = s1. and A is positive
because the strict convexity of d implies that !(s 0 + s 1 ) is an interior point
of d. It therefore follows from equation (2.7) that lis- fit is less than h*.
This contradiction proves the theorem.. 0
Theorem2A
Let d be a convex set in a normed linear space @J, whose norm is
strictly convex. Then, for all f E @J, there is at most one best approximation from d to f.
Proof. Suppose that s 0 and s 1 are different best approximations from d
to f. Because the strict convexity of the norm implies that the set .H(f, h *)
is strictly convex, the point !(s 0 + s 1 ) is an interior point of .H(f, h*), which
is the condition
(2.8)

This is a contradiction, however, because !(so+ s 1 ) Ed. The theorem is
proved . 0
Theorem 2..4 is much more useful to us than Theorem 2.3, because our
sets of approximating function's are finite-dimensional linear subspaces.
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Therefore it is important to know whether the norm of {!i3 is strictly
convex. It is proved in Section 2.4 that the 2-norms in tg[a, b] and in 9ll n
are strictly convex, but that the 1- and oo-norms are not. In fact all the
p-norms are strictly convex for 1 < p < oo.

2.3 The continuity of best approximation operators
When there is a unique best approximation from .st1 to f for all
f E [!iJ, we can regard the best approximation as a function of f. Hence
there is a best approximation operator from {!i3 to .sti, which we call X, and
which, incidentally, must be a projection. It is shown in this section that
often the operator X is continuous . This result is important to computer
calculations, because, if it does not hold, then the effect of computer
rounding errors in the definition off may cause substantial changes to the
calculated approximation.
Theorem 2 ..5
Let .sd be a compact set in a metric space [!iJ, such that for every f
in {!i3 there is only one best approximation in .sd, X(f) say. Then the
operator X, defined by the best approximation condition, is continuous.
Proof. If the theorem is false, there exists a sequence of points {fi; i =
1, 2, 3, ....} in {!i3 that converges to a limit, f say, such that the sequence
{X(f;); i = 1, 2, 3, ...} in .sd fails to converge to X(f). Therefore, by
compactness, the second sequence has a limit point, a* say, that is in .st1
but that is not equal to X(f).It suffices to show that both a* and X (f) are
best approximations to/, for then we have a contradiction that proves the
theorem.
Therefore we consider the distance d (a*, f), and, by applying the
triangle inequality (1.1) twice, we deduce the bound
d(a*, f)~ d(a*, X(fJ) +d(X(fi), h) +d(fi, f).

(2.9)

Moreover, the definition of X(fi) gives the relation
d(X(h), fi) ~ d(X(f), fi)
~ d(X(f), f)+

d(f, M,

(2.10)

where the last line makes use of the triangle inequality again . Now, for
any s > 0, there exists i such that the conditions
d(a*,X(JJ)~~s

(2 . 11)

d(fi, f) ~~s

(2.12)

and
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hold . It follows from expressions (2.9) and (2.10) that the bound

d(a*, f):;;:;: d(X(/), /) + s

(2.13)

is obtained. Since s can be arbitrarily small, a* is a best approximation
from .stl to f, which is the required contradiction. 0
By applying the technique that is used in the proof of Theorem 1.2, it
can be shown that the following theorem is true also. The proof is left as
an exercise.

Theorem 2.6
If .stl is a finite-dimensional linear space in a normed linear space
£1JJ, such that for every f in £1lJ there is only one best approximation in .stl,

X(f) say, then the operator X, defined by the best approximation

condition, is continuous. 0
The last theorem is directly relevant to the approximation problems
that are studied in later chapters. Note that it provides additional
motivation for giving attention to the uniqueness of best approximations.

2.4 The 1-, 2- and oo-norms
The method that we use to prove that the 2-norm is strictly
convex in <e[a, b] and fllln makes use of scalar products. It is well known
that the scalar product of y and z in flll n has the value
n

(y, z) =

I

(2.14)

y;z;,

and in <e[a, b] the scalar product of the functions f and g is the expression
(2.15)

(/,g)= rf(x)g(x) dx.

It is important to note that (/,f) is equal to 11!11~. Further, the identity

llt +glli = lltlli +2(/, g)+ llglli

(2.16)

is obtained, either when/ and g are in <e[a, b ], or when they are in fllln. In
fact it holds for all Hilbert spaces, but, if the reader has not met Hilbert
spaces before, it is sufficient for him to recognise that equation (2.16) is
valid both for <e[a, b] and for fllln. We note also that the scalar product
(f, g) is linear in f and in g.

Theorem 2. 7
The 2-norm of the linear space
either <e[a, b] or flll n.

£1lJ

is strictly convex when

£1lJ

is
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Proof. We let f and g be any two distinct points of
I~ liz= lldz = 1. It is sufficient to prove that the bound

1101 + (1- 8)gllz < 1

@J

such that
(2. 17)

is satisfied for all 0 < 8 < 1. The identity

118! + (1- 8)gll~ + 8(1- 8W- gil~
= 8 2 + 28(1- 8)(/, g)+ (1- ()) 2 + ()(1- ())[1- 2(/, g)+ 1]
=1,

(2.18)

which holds for all values of 8, gives the required inequality (2.17). D
It has been stated already that the 1- and ro-norms in '{6[a, b] and in flit n
are not strictly convex, and now this statement is proved . We also wish to
find out whether best approximations from linear subspaces are always
unique . If we prove first that the norms are not strictly convex, then
Theorem 2.4 does not answer the uniqueness question.. If instead,
however, we can demonstrate that a best approximation from a linear
subspace of a normed linear space is not unique, then we may deduce
from Theorem 2.4 that the norm is not strictly convex. We give examples
of this kind. In each one there is a linear subspace .sll and a point f such
that the best approximation from .sll to f is not unique, where .sll and f are
contained in either '{6[a, b] or in flit n, and where the accuracy of the
approximation is measured either by the 1-norm or by the ro-norm .
When the 1-norm is used in '{6'[ -1, 1], we let f be the constant function
whose value is one, and we let .sll be the one-dimensional linear space that
contains all functions of the form
a(x)=Ax,

-1~x~1.

(2.19)

where A is a parameter. It is straightforward to derive the equation
1

~i~f_ 1/(x)-a(x)l

1

dx=2,

(2.20)

and to show that the minimum value is obtained when A is in the range
-1 ~A ~ 1. Hence the best approximation is not unique.
This example for the 1-norm is extended to flltn (n ~ 2) by dividing the
interval [ -1, 1] by the points -1 = x 1 < x 2 < ... < Xn = 1, which are
equally spaced
Xi+l

-x; = 2/(n -1),

i = 1, 2, ... , n -1.

(2.21)

We evaluate the function f that we had before at these points to give a
vector f E flit n. Moreover, corresponding to equation (2.19), we let a E
.sll c flltn be the vector whose components have the values
a;=Ax;,

i = 1, 2, ... , n,

(2 . 22)
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Exercises

where A is still a parameter. Now, instead of equation (2.2 0), we find the
expression
mm

L"

(2.2.3)

1/;-ai l=n,

aes4 i = l

and again the minimum value is obtained for all values of A in the range
-1 :s; A :s; l.
For the oo-norm in 'e[ -1, 1], we again let f be the constant function
whose value is one, but now we let .s:ti be the one-dimensional linear space
that contains functions of the form
a(x) =A(1 +x),

-l :s;x :s;l.

(2. 24)

We deduce the equation
min llf- alloo = 1,

(2.25)

ae o;t/

and we find that the function (2.24) is a best approximation if and only if A
satisfies the condition
(2.26)
Hence we have non-uniqueness once more. We extend the example to r!Jl"
in the way described in the previous paragraph. The components off E r!ll "
are the same as before, but, because of equation (2.24), the components
of a E .s:ti have the values
ai=A(1+xi),

i=1,2, . . . ,n,

(2.27)

instead of the values (2.22). The range of values of A that give a best
approximation from .s:ti to f is still the range (2.26).
The reader is advised to draw figures that show the non-uniqueness of
the best approximation in these four examples. It should be noted also
that the examples illustrate the usefulness of Theorem 2.2.
In many important cases, in particular when the normed linear space is
'e[a, b ], when the norm is either the 1-norm or the oo-norm, and when .s:ti
is the space PJ>" of algebraic polynomials of degree at most n, then the best
approximation is unique for all f in 'e[a, b ]. This statement is proved
later. The purpose of the examples, therefore, is to show that, if .s:ti is a
linear subspace of a normed linear space, whose norm is not strictly
convex, then the uniqueness of best approximations depends on properties of .s:ti and f.

